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Comparison of Faxén’s correction for a microsphere translating or rotating near a surface
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Boundary walls in microfluidic devices have a strong influence on the fluid flow and drag forces on moving
objects. The Stokes drag force acting on a sphere translating in the fluid is increased by the presence of a
neighboring wall by a factor given by Faxén’s correction. A similar increase in the rotational drag is expected
when spinning close to a wall. We use optical tweezers to confirm the translational drag correction and report
the hitherto unmeasured rotational equivalent. We find that the corrections for the rotational motion is only
required for particle-wall separations an order of magnitude shorter than that for the translational cases. These
results are particularly significant in the use of optical tweezers for measuring viscosity on a picolitre scale.
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INTRODUCTION

A knowledge of the drag forces acting on micron sized
bodies moving within fluid is crucial in understanding the
behavior of both microfluidic and biological systems [1,2].
On micron length scales, within liquid media, the Reynolds
number is small, meaning that the forces arising from the
viscosity of the fluid are dominant over its inertia. Viscosity
is therefore the dominant force in all processes relying on
transport, mixing or diffusion and hence measurement of the
viscosity is paramount in understanding such systems. The
viscosity 7 of an incompressible fluid is defined as the coef-
ficient relating the stress tensor o to the velocity gradients,

o= (Vv +Vo’). (1)

In the low Reynolds number limit, particles are inertialess
and a constant force F or torque T is required to maintain
them in a steady translational or rotational motion. The linear
form of Stokes equation ensures that such forces and torques
are proportional to the linear and angular velocities U and
through the translational and rotational drag coefficients y
and S,

F=U, 2)

T = BQ. (3)

Far from a boundary, the drag coefficients take the values
y=67na and B=8mna’. Knowledge of particle size then
allows one to extract viscosity from drag coefficients mea-
surements. However, within a typical microfluidic or biologi-
cal system these simple formulas no longer apply but the
presence of confining walls results in an increased drag.
Blind application of previous formulas would provide an
overestimated viscosity 7*.
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In this paper we observe the drag on a sphere moving near
a wall. We confirm and extend previous measurements of
translational drag [3-5], and report experimental determina-
tions of rotational drag enhancement when approaching a
wall.

MICROSCOPIC RHEOLOGY

The motion of microscopic particles held by optical twee-
zers within fluid systems is used to measure hydrodynamic
interactions, viscoelastic properties, and fluid flow [6-8].
Not least has been the measurement of local viscosity where
either the thermally driven translation motion [9,10] or opti-
cally driven rotational speed of the particle [11-13] has been
related to the drag coefficients. Each approach has its merits,
but both drag coefficients are perturbed by the proximity of a
surface. For the translational case, one method to determine
the drag coefficient is monitoring the dynamics of an opti-
cally trapped particle [14]. The thermal motion of a trapped
particle gives a root mean square displacement from the trap
center of (x?)=kzT/ k, where kg is Boltzmann’s constant, « is
the spring constant of the optical trap, and T is the tempera-
ture. The system is overdamped and hence the power spec-
trum of position fluctuations is Lorenzian with a cutoff fre-
quency given by fy=«/2my and hence the translational drag
coefficient is simply given by

kT

Y dfy “)

which is independent of the trap strength. As spontaneous
rotational fluctuations are not easily detected, the rotational
drag coefficient is measured by applying a known torque and
monitoring the resulting rotation rate [12,15]. A circularly
polarized trapping beam carries a spin angular momentum of
f per photon and exerts a torque on a birefringent particle
setting it into rotation. Calculation of the rotational drag co-
efficient is given by
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FIG. 1. Schematic representation of translation perpendicular (a)
and parallel (b) to a surface and rotation of a sphere about an axis
perpendicular (c) and parallel (d) to a surface normal. The radius of
the sphere is given by a and the distance between its center and the
surface given by s.
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where P is the power of the trapping beam of frequency w
and Ao is the change in the polarization state of the trans-
mitted light (o= %1 for right and left hand circularly polar-
ized light, respectively). Relating either Eq. (4) or Eq. (5) to
viscosity requires knowledge of the particle radius, the un-
certainty of which, coupled to the uncertainty of the power in
the optical trap (in the rotational case), results in accuracies
of around 10%. Surface corrections to the translational and
rotation drag coefficients are therefore essential if the tech-
niques are to be applied within microfluidic or confined bio-
logical systems.

FAXEN’S CORRECTIONS

One approach to solving Stokes’ equation in the presence
of boundaries is the method of reflections proposed by
Smoluchowsky [16]. The method was employed by Faxén
[17,18] to study particle-wall interactions and further devel-
oped by Happel and Brenner [19]. The linearity in Stokes’
equations and boundary conditions means the solution can be
expressed as a series of partial solutions. In the particle-wall
case, the zeroth order corresponds to the flow produced by
the particle in an unbounded fluid. The next correction is the
reflection from the wall, that is, the solution of the Stokes
equation having a boundary condition on the wall such that it
cancels out the zero-order flow. The next term is the reflec-
tion of this last field from the particle boundary, and so on.
Simple configurations, such as a single particle near a planar
wall, can also be treated analytically in a bipolar coordinates
system [20-23]. However, a “large” distance expansion is
often more useful to estimate corrections. The method of
reflections provides such expansions which can be quite ac-
curate up to very short distances. The method was used by
Faxén to correct the Stokes drag on a sphere translating near
a wall; see Figs. 1(a) and 1(b). Faxén’s corrections are ex-
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FIG. 2. Images of (a) the silica particle trapped close to the
PDMS wall, where the translational drag coefficient is deduced by
monitoring its residual Brownian motion, and (b) the spinning va-
terite particle, where the change in rotational drag coefficient is
deduced from its speed of rotation whilst driven by a constant op-
tical torque.

pressed as a power series in the ratio of particle radius a to
the distance from the surface s. The corrections come in two
forms dependent upon whether the particle motion is parallel
or perpendicular to the surface. For a particle at a distance s
from a surface, the power series expansions to order (a/s)?
of the translational drag in a direction both parallel and per-
pendicular to the surface are given by [24]

| Y
7= 1= (9/16)(als) + (1/8)(als)*’ ©

1 Y
Y T 12 08) ars) + (112)(als) M

Similarly, the drag torque on a rotating sphere in the pres-
ence of a surface is also increased; see Figs. 1(c) and 1(d).
This problem was considered initially in 1915 by Jeffery [23]
who analyzed the torque acting on a sphere rotating about an
axis parallel to a surface normal. Some years later, Dean and
O’Neill [22,25] found the analytical solution to the situation
where the axis of rotation of the sphere is perpendicular to
the surface normal. A much simpler and more usable form is
obtained by the method of reflections [19]. The sixth order
term in Eq. (9) was derived by ourselves from the second
wall reflection:

B

- (18)(als)? ®

BII

B B
" 1—=(5/16)(als)® + (15/256)(als)°

B* )

It is helpful to note that within the adopted naming conven-
tion, a parallel or perpendicular geometry always corre-
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FIG. 3. Experimentally measured drag coefficients as a function
of the separation of the sphere from the surface. Results for trans-
lation, perpendicular ((J) and parallel (M) to a surface, and rotation
about an axis perpendicular (O) and parallel (@) to the surface
normal. The solid lines are the power series expansions of Faxén’s
correction given by Egs. (6)—(9).

sponds to fluid flowing mostly parallel or perpendicular to
the wall surface.

Of the four corrections shown in Fig. 1, only (a) and (b)
[Egs. (6) and (7)] have been experimentally verified [3-5]
using optical tweezers [26] to trap a particle at known dis-
tances from the surface. In this work we also use optical
tweezers, but to experimentally measure all four corrections,
i.e., translation both perpendicular and parallel to the wall
and rotation about an axis either parallel or perpendicular to
the surface normal.

EXPERIMENT

The microfluidic channels within which the probe par-
ticles were trapped were made using typical soft lithographic
techniques, namely pattern transfer, deep dry etch, and rep-
lica moulding of the elastomeric polymer, poly(dimethylsi-
loxane), PDMS, Sylgard 184. The PDMS channels approxi-
mately 50 um deep were fabricated and sealed with a cover
slip (150 wm thick). The microfluidic channel was mounted
as the sample cell on a computer controlled translation stage
with a postioning repeatability of 40 nm. Both forms of the
translation drag and the perpendicular rotational drag were
made with the particles trapped at various distances from a
channel wall, 10 wm above the sample cell floor (see Fig. 2).
The rotational drag for spinning about an axis parallel to the
surface normal was performed away from any walls as a
function of height above the sample cell floor.

The rotational drag coefficients were measured using an
optical tweezers based on a continuous-wave A=1064 nm
laser (Laser Quantum, Ventus 1064). Immediately prior to
the objective lens (1.3NA, 100x Zeissplan-neofluar), the lin-
early polarized beam was passed through a quarter-wave
plate aligned to convert the light’s polarization to create a
circularly polarized trap. The probe particles were vaterite
crystals, grown according the recipe in Ref. [12] to a diam-
eter of approximately 3 um, with a birefringence of 0.1.
These particles were trapped and brought closer to surfaces
by using the x,y (Prior) or z (PiezoJena) translation stages.
After passing through the sample cell, the transmitted laser
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FIG. 4. Comparison between solutions to Faxén’s correction for
the rotation cases. The solid lines are the exact solutions [22,23],
the dotted lines are the power series expansions in previous litera-
ture [25]. The dotted line is Eq. (9) which is the power series ex-
pansion that includes our sixth order final term. The experimental
data points are plotted for comparison.

light was collected through the condenser and a photodiode
was used to observe intensity fluctuations resulting from the
rotation of the trapped object. Rotation rates of the trapped
particles were determined by analyzing the frequency spec-
trum of the intensity variations of the transmitted light [27].

For the measurement of translational drag the trapping
laser was a A=800 nm Ti:sapphire laser (SolsTiS, M
Squared) and the probe particles were 2 um diameter silica
particles (Bangs Labs). The drag coefficient was determined
from high-speed video images from which the center of mass
motion of the trapped particle could be determined [28] and
then fitted to a Lorentzian power spectrum giving the mean
square displacement, the cutoff frequency, and hence the
translational drag coefficient.

RESULTS AND DISCUSSION

Figure 3 shows the experimentally measured correction to
both the translational and rotational drag coefficients for mi-
cron sized particles as a function of distance from the sur-
face. Any calibration issue depending upon particle size and
laser power could be eliminated by using the same particle
for all different distances and normalizing data to the bulk
values obtained with the same particle trapped at many tens
of radii from the wall. One possible concern is that the prox-
imity of the ultrahigh NA trapping beam to the channel wall
may have degraded the quality of the optical trap or the
imaging of the particle motion and hence perturbed our mea-
surements of the viscosity. In all our experiments we moni-
tored the mean square displacement of the particle from the
trap center. This did not change with distance from the wall
leading us to believe that neither trap nor image degradation
was an issue. For the data analysis of these cases, s was
calculated from the distance moved by the translation stages
combined with a small distance offset left as a free parameter
in the fitting. This allowed us to account for inaccuracies in
measuring using the optical image and errors arising from
the surface roughness of the PDMS channel. This was com-
pared to the optical image to check for constancy and found
to agree with the distance calculated from the optical image
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to within 10%. As it was difficult to estimate the radius of the
particles from the optical image to a high accuracy, the par-
ticle diameters were left as a free parameter in the fitting and
compared afterward to the estimation from the optical image.
Again, we found an agreement between the fit and the optical
image to within 10%.

For the translational cases, we see excellent agreement
between our measurements and the three term power series
of Faxén’s correction, Egs. (6) and (7). One can see imme-
diately that the rotational correction is required at much
shorter separations than for the translational correction. The
extremely short range nature of this interaction has previ-
ously been noted in relation to microrheology using spinning
particles [11]. This differing length scale can be explained by
considering the fluid flow fields created by translating and
rotating spheres. For the translational case, the zero-order (no
wall) flow field decays with 1/R, where R is the distance
from the sphere. The ambient field around the particle is then
corrected by a linear component of order 1/R producing a
reduction in the speed of the particle. In contrast, for the
rotational case the fluid flow decays faster, as 1/R”. The flow
fields reflected from the wall are of the same order and the
angular velocity of the spinning particle will be reduced by a
fluid vorticity which scales with the gradient of the reflected
ambient field and hence of order 1/R3. As a consequence, the
influence of surfaces on translational or rotational particle
dynamics occurs at different length scales. The extremely
short range nature [(s/a)—1<€1] of the rotational case means
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that the power series needs to fit for a larger range of s/a,
and consequently deviates more noticeably from the exact
solution. Figure 4 compares the exact solutions (solid lines)
[22,23] to different power series expansions (dashed and dot-
ted lines) and experimental data (points). Although the power
series expressed by Egs. (8) and (9) do deviate from the
exact solution, this discrepancy is not significant, except for
when the distance between the surface and the particle is
much less than one radius.

CONCLUSIONS

We have experimentally verified the drag coefficients
associated with the translation and rotation of a sphere, par-
allel and perpendicular to a surface. The hydrodynamical
coupling between the surface and sphere is dramatically dif-
ferent for translation and rotation. For example, for the trans-
lation of a sphere parallel to the surface, a 10% increase in
drag coefficient occurs at a distance of five radii, the same
size of correction occurs for rotational motion only within
one radii of the surface. These corrections are essential for
accurate microrheology.
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